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a b s t r a c t
We introduce an extended version of the homotopy perturbation method (HPM) for
computing the steady flow of an incompressible, viscous fluid past a radially stretching
sheet. In this version the independent variable is stretched by scaling it by a parameter that
incorporates the homotopy parameter p. The coefficients in the parameter are determined
by requiring that the solutions obtained at each stage are free of secular terms. It is shown
that the totally analytical solution developed by applying the extended version leads to a
convergent sequence of homotopy solutions, the convergence of which can be accelerated
by applying Shanks’ transformation.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Analytical methods have made a comeback in research methodology after taking a backseat to the numerical techniques
for the latter half of the preceding century. The advantages of analytical methods are manifold, the main being that they
give a much better insight than the numbers crunched by a computer using a purely numerical algorithm.
Two of the analytical methods of recent vintage, namely, the homotopy perturbation method (HPM) and the homotopy
analysis method (HAM), have attracted special attention from researchers as they are both flexible in applying and give
sufficiently accurate results with modest effort. Both the methods are based upon introduction of a homotopy parameter
p which takes the values from zero to one. When p = 0, the problem under study takes a sufficiently simple form which
admits a closed form analytical solution. As p is increased and finally takes the value one, the solution to the original problem
is recovered—the nice feature being that it is being done entirely analytically. The CAS have come particularly handy in
symbolic manipulation which goes inevitably with the development of the analytical solution.
The HAM has been introduced and refined by Liao [1] who has enunciated a definitive treatment of the method in
his classical work [2]. There are dedicated votaries of HAM, having applied the method to a wide variety of problems in
different areas of science and technology. In particular one may mention the works of Hayat and his collaborators [3–10],
and Abbasbandy [11–13]. The HAM also relies on two other auxiliary quantities, one, a parameter h and the other, a function,
the choice of which are to be experimented with in order to bring out an optimum solution.
TheHPMwas introduced byHe [14] in his endeavor to solve nonlinear problems using the perturbation technique. Rather
than depending on one of the physical parameters being small for being chosen as a perturbation parameter, He proposed
to introduce p, which in the spirit of homotopy is increased from 0 to 1. There is again a whole gamut of variations which
makes the method quite attractive and amenable for applying to numerous kinds of applications. He [15–23] has published
extensively demonstrating the viability of his method. One of the recent issues of the well-known journal ‘Computers in
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Mathematical Applications’ was devoted to the application of the HPM and was edited by He. The latest intricacies and
variations of the HPM with its application to the nonlinear problems have been covered in a monograph by He [24].
The idea of obtaining a closed form analytical solution to the problem of axisymmetric flow of an incompressible, viscous
fluid past a stretching sheet has intrigued researchers, especially since Crane [25] demonstrated the existence of a rare and
very simple analytical solution for the corresponding problem of the planar flow past a stretching sheet. Apparently no
such simple solution exists for the axisymmetric flow. Nevertheless some approximate, yet reasonably accurate, solutions
can be developed and have been reported in the literature. Ariel [26] obtained the solution for a second grade fluid (from
which the solution for the Newtonian fluid can be recovered by setting the viscoelastic fluid parameter to zero) using the
technique ofminimizing the residual of the differential equation governing themotion in the least square sense after scaling
the independent variable suitably. Ariel [27] also used the sameprototype by showing that the presence of amagnetic field in
the case of conducting fluid does not deter the obtaining of an approximate analytical solution. On the contrary it facilitates
the solution as the results improve as the Hartmann number, a measure of the strength of the magnetic field, is increased.
This conclusion is quite opposite to the case when the shooting technique is used as the latter is essentially limited to
moderate values of the Hartmann numbers (Kumar et al. [28]).
The HPM offers an excellent choice for obtaining a closed form analytical solution to the problem of axisymmetric flow
past a stretching sheet. Ariel et al. [29] recently showed how the HPM can be applied by introducing a scaling parameter b
and determining its value by requiring that the correction term to the solution corresponding to p = 0 is nomore unbounded
than the original solution, which amounts to saying that the correction term does not include any secular term. The results
were in excellent agreement with the exact numerical solution, the error being less than 0.4 %. The authors also included
the effects of the presence of magnetic field suction taken separately and jointly. They demonstrated that these physical
parameters in large measures not only did not degrade the results which typically happens in numerical techniques, in
fact, the results consistently improved as these parameters assumed ever larger values. Ariel [30] further applied the HPM
method to compute the axisymmetric flow past a stretching sheet when there is a partial slip at the sheet. A comparison
with other techniques for computing the flow reported in the paper showed HPM in a favorable light in the sense that it
uniformly gave consistently accurate results for all the values of the partial slip parameter. That the HPM is not limited to
the problems characterized by a single differential equation was amply demonstrated by Ariel [31] when he considered the
three-dimensional flow past a stretching sheet. For this problem the flow is governed by a pair of differential equations, and
the HPM equally effectively produced the desired analytical solution with comparable accuracy.
The main drawback of the approach taken in investigations [29–31] is that the solution was limited to one correction
term. It is true that the one correction term gave sufficiently accurate results and there was no need for looking beyond
for more correction terms, still there can be other problems in which one correction term may not give the desired
accuracy and more correction terms might be required to attain that accuracy. One possible solution is to introduce more
auxiliary parameters in the equation, still another approach is to ‘‘strain’’ the independent variable by embedding into it
the perturbation parameter p. The latter idea dates back to Lighthill [32] and has been successfully adopted by the present
author [33] to derive the perturbation solutions to the three-dimensional flow past a stretching sheet. In the present work
we choose the second approach to develop an HPM solution to the problem of axisymmetric flow of a Newtonian fluid past
a stretching sheet. We show that the solution can be extended to any number of terms and that it remains totally analytical.
2. Equations of motion
We consider the steady, laminar flow of an incompressible, viscous (Newtonian) fluid past a radially stretching sheet
which is assumed to be located in the plane z = 0. The fluid occupies the space z > 0. The sheet is stretched with a velocity
which is proportional to the distance from the z-axis. The equations of motion are governed by the Navier–Stokes equation
which can be reduced to the following boundary value problem (BVP)
ϕ′′′ + 2ϕϕ′′ − ϕ′2 = 0, (1)
ϕ(0) = 0, ϕ′(0) = 1, ϕ′(∞) = 0, (2a, b, c)
where ϕ is the dimensionless streamfunction representing the velocity normal to the sheet given by
u = crϕ′(ζ ), w = −2
√
cµ
ρ
ϕ(ζ ), (3)
and
ζ =
√
cρ
µ
z. (4)
Here (u,w) represents the velocity vectorwith the nonzero components in the radial and axial directions,ρ is the density and
µ is the coefficient of viscosity of the fluid. c denotes the constant of proportionality occurring in the velocity of stretching
of the sheet, i.e., the sheet is stretched with the velocity cr – r being the distance from the origin. Finally ζ denotes the
dimensionless distance normal to the sheet and a prime denotes a derivative with respect to ζ .
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3. HPM solution
The basic idea of extending the HPM to cater for arbitrary number of parameters is to ‘‘strain’’ the independent variable ζ .
This is done by scaling it by a parameter α, and adjusting α to fulfill certain desired properties. We thus introduce
η = αζ . (5)
Since wewish to preserve the boundary condition (2b), we deem it appropriate to introduce the new dependent variable
F as under
F = αϕ. (6)
The BVP (1) and (2) thus takes the form
α2
d3F
dη3
+ 2F dF
dη
−
(
dF
dη
)2
= 0, (7)
F(0) = 0, dF(0)
dη
= 1, dF(∞)
dη
= 0. (8)
Now we set up the homotopy equation
α2
(
d3F
dη3
− dF
dη
)
+ p
[
2F
dF
dη
−
(
dF
dη
)2
+ α2 dF
dη
]
= 0. (9)
Expanding F and α in terms of the homotopy parameter p, we write
F = F0 + F1p+ F2p2 + · · · =
∞∑
n=0
Fnpn, (10)
α2 = b0 + b1p+ b2p2 + · · · =
∞∑
n=0
bnpn. (11)
Substituting for F and α2 from Eqs. (10) and (11) in Eq. (9), we obtain the following system of BVPs:
For n = 0,
b0
(
d3F0
dη3
− dF0
dη
)
= 0, (12)
F0(0) = 0, dF0(0)dη = 1,
dF0(∞)
dη
= 0, (13)
and for n > 0,
b0
(
d3Fn
dη3
− dFn
dη
)
= −
n−1∑
m=0
[
bn−m
(
d3Fm
dη3
− dFm
dη
)
+
(
2Fm
d2Fn−m−1
dη2
− dFm
dη
dFn−m−1
dη2
+ bn−m−1 dFmdη
)]
(14)
Fn(0) = 0, (15a)
dFn(0)
dη
= 0, (15b)
dFn(∞)
dη
= 0. (15c)
We assume that b0 6= 0, in which case the solution of BVP (12) and (13) is
F0 = 1− e−η, dF0dη = e
−η, (16)
which is seen to be an excellent approximate solution with an appropriate choice of the scaling factor α (See, e.g.,
Ariel [26,27]).
The constants bi occurring in Eq. (11) will be chosen to satisfy the important principle, first laid out by Lighthill [32],
namely that, any term in the series occurring in the solution will be no more singular than the preceding term. In the present
context it means that if the zeroth order solution does not contain secular terms then no other order solution can contain
the secular terms. This entails that the value of bi can only be determined by considering the solution of the (i+1)th system.
Before we proceed with the calculation of the solutions of the higher order system and bi, we establish the following
theorems which are also useful in outlining the method of solution.
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Theorem 1. The solution of the BVP (14) and (15) for Fn and dF n/dη is a power series of order n+ 1 in e−η .
Proof. We prove it by strong mathematical induction.
Let the result be true for Fm (m = 0, 1, 2, . . . n− 1), i.e.,
Fm =
m+1∑
r=0
frme−rη, (17)
where frm are constants. We shall prove that the result is also true for n.
Substituting for F and its derivatives in Eq. (14), we obtain
b0
(
d3Fn
dη3
− dFn
dη
)
= −
n−1∑
m=0
[
−
m+1∑
r=1
(r3 − r)frme−rηbn−m
+
m+1∑
r=0
n−m∑
s=1
(2s2 − rs)frmfs,n−m−1e−(r+s)η − bn−m−1
m+1∑
r=1
rfrme−rη
]
. (18)
It can be easily verified that Eq. (18) simplifies to
d3Fn
dη3
− dFn
dη
= 1
b0
n+1∑
r=1
drne−rη, (19)
where drn are constants, which as a rule, will include the constants bi (i = 0, 1, . . . , n− 1).
For a solution free of secular terms such as ηe−η , we require
d1n = 0. (20)
This will enable the value of bn−1 to be determined in terms of the previously found values of bi. Once the e−η term is out
of the way, the solution of Eq. (19) is easy to write. It has the form:
dFn
dη
= Ae−η +
n+1∑
r=2
drn
b0(r2 − 1)e
−rη, (21)
where A is the constant of integration.
In writing Eq. (21) the unbounded solution eη has been discarded. The constant A can be obtained by using the boundary
condition (15b), and we have
dFn
dη
= −
n+1∑
r=2
drn
b0(r2 − 1) (e
−η − e−rη). (22)
Integrating Eq. (22) and applying the boundary condition (15a), we get
Fn =
n+1∑
r=2
drn
b0r(r2 − 1)
[
1− e−rη − r(1− e−η)] , (23)
which is indeed a power series of order n + 1 in e−η . This completes the inductive step of the proof. Since the result is true
for n = 0, it follows that it is true for all natural numbers. 
Theorem 2. bn = 2f0n for n ≥ 0.
Proof. Again we prove the result by strong mathematical induction. Let the result be true for bm, (m = 0, 1, . . . n − 1).
We shall prove that it is also true for bn.
Note that, as shown in the proof of Theorem 1, bn is determined by the requirement that the solution must be free of the
secular terms, which entails that the right-hand side in Eq. (18) must be independent of the e−η terms.
Now for the (n+ 1)th system the e−η terms can only be contributed by the
n∑
m=0
(
2Fm
d2Fn−m
dη2
+ bn−m dFmdη
)
terms or equivalently by the
n∑
m=0
(
2Fm
d2Fn−m
dη2
+ bm dFn−mdη
)
terms.
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Consider
2Fm
d2Fq
dη2
+ bm dFqdη form and q < n
= 2
m+1∑
r=0
frme−rη
q+1∑
s=1
s2fsqe−qη + 2c0m
(
−
s+1∑
r=1
rfrse−rη
)
= 2(4f0mf2q + f1mf1q)e−2η + 2(6f0mf3q + 4f1mf2q + f2mf1q)e−3η + · · ·
showing that all the bm terms for m < n terms will balance the e−η terms in the abovementioned sum. The only term that
remains to be balanced is the one corresponding tom = n, in which case we have
2Fn
d2F0
dη2
+ bn dF0dη = 2
n+1∑
r=0
frne−rη
(−e−η)+ bne−η.
The above expression will be free of the secular terms only if bn = 2f0n, proving that the result is true for m = n. In the
following it has been shown that the result is true form = 0, therefore it is true for all natural numbers. 
We now present solutions for the first few systems in some detail and then list the results for the higher order systems.
For n = 1, we obtain from Eq. (14)
b0
(
d3F1
dη3
− dF1
dη
)
= −[(b0 − 2)e−η + e−2η]. (24)
For a solution free of secular terms we require
b0 = 2. (25)
(Which incidentally verifies that b0 = f00.)
This is in complete agreement with the zeroth order solution obtained by Ariel et al. [29]. With b0 = 2, Eq. (24) simplifies
to
d3F1
dη3
− dF1
dη
= −1
2
e−2η, (26)
the solution of which subject to boundary conditions (15) is
F1 = 112 (1− e
−η)2,
dF1
dη
= −1
6
e−η(1− e−η) (27)
which is again in agreement with the first order perturbation solution reported in [29]. However, there is a vital difference.
Because of the straining of the coordinate, the b1-term must be included in Eq. (11). This means that with the present
approach, the first order solution will be different than the one in [29]. In fact, as we shall presently see, the value of−ϕ′′(0)
using the current approach up to the first order terms gives worse accuracy as compared to that reported in [29].
For n = 2, we obtain from Eq. (14)
b0
(
d3F2
dη3
− dF2
dη
)
= −
[(
b1 − 16
)
e−η +
(
−1
2
b1 + 23
)
e−2η − 1
2
e−3η
]
. (28)
For secular free terms we require
b1 = 16 (29)
(a result that could have been deduced from Theorem 2) and Eq. (28) takes the form
d3F2
dη3
− dF2
dη
= − 7
24
e−2η + 1
4
e−3η, (30)
which has the solution
F2 = 1288 (1− e
−η)2(8− 3e−η),
dF2
dη
= 1
288
e−η(1− e−η)(19− 9e−η).
(31)
For n = 3, we obtain
b0
(
d3F3
dη3
− dF3
dη
)
= −
[(
1
2
b2 − 136
)
e−η +
(
−1
4
b2 + 16
)
e−2η − 11
48
e−3η + 25
288
e−4η
]
. (32)
P.D. Ariel / Computers and Mathematics with Applications 58 (2009) 2402–2409 2407
Table 1
Listing the values of bn , α, d2Fn(0)/dη2 and−ϕ′′(0). The exact values of α and−ϕ′′(0) are 1.5029940588 and 1.1737207389 respectively.
n bn α −d2Fn(0)/dη2 −ϕ′′(0)
0 2 1.4142135624 1 1.4142135624
1 16 1.4719601444
1
6 1.2266334537
2 118 1.4907119850
5
144 1.1904991547
3 371728 1.4978765835
19
1728 1.1797511748
4 9110368 1.5008035399
833
207360 1.1760275115
5 323698709120 1.5020412591
68461
43545600 1.1746359253
6 183413114307200 1.5025752913
46791971
73156608000 1.1740924848
7 862044432712290310144000 1.5028086731
16381966253
61451550720000 1.1738742223
8 319248771981110323860520960000 1.5029115549
5829169387379
51619302604800000 1.1737848673
Table 2
Listing the coefficients occurring in the expressions of Fn . F0 = 1− e−η; Fn = (1− e−η)2∑n−1m=0 fmne−mη, n ≥ 1.
n 1 2 3 4 5 6 7 8
f0n 112
1
36
37
3456
91
20736
32369
17418240
183413
228614400
8620444327
24580620288000
3192487719811
20647721041920000
f1n − 196 − 233456 − 1457414720 − 25331451520 − 2468789929262643200 − 988360857724580620288000 − 261571251004913765147361280000
f2n 53456
139
103680
31091
34836480
3813437
7315660800
6995277019
24580620288000
385295187049
2580965130240000
f3n − 43207360 − 10874354560 − 43339216760320 − 2200837991638708019200 − 6764564745778259088416768000
f4n 173958060800
230887
5225472000
5078063023
122903101440000
3240653048239
103238605209600000
f5n − 12652129262643200 − 264813193511517184000 − 475567150095899348869120000
f6n 30588194916124057600
861826027
688257368064000
f7n − 2599332913258700800
Wemust have
b2 = 118 , (33)
for a solution free of the secular terms, and this leads to
d3F3
dη3
− dF3
dη
= −11
72
e−2η + 11
48
e−3η − 25
288
e−4η, (34)
which yields the solution
F3 = 13456 (1− e
−η)2(37− 23e−η + 5e−2η),
dF3
dη
= 1
3456
e−η(1− e−η)(97− 79e−η + 20e−2η).
(35)
It can be seen from the foregoing that the solution can be systematically developed to any order of terms. FromTheorem1
the general expressions for Fn and dFn/dη, taking into account the boundary conditions (15) are of the following forms:
Fn = (1− e−η)2
n−1∑
m=0
fmne−mη,
dFn
dη
= e−η(1− e−η)
n−1∑
m=0
gmne−mη
(36)
where fmn and gmn are appropriate constants whose values depend only on n.
Once the various perturbation solutions are developed up to the desired order, the required solution can be obtained
from Eqs. (10) and (11) by terminating the series and setting p = 1. The physical components of the velocity then can be
computed using Eqs. (3)–(6).
4. Conclusion and discussion
In Table 1 the values of bn, bn, α, d2Fn(0)/dη2 and−ϕ′′(0) are listed for n ranging from 0 to 8. For the same values of n, in
Tables 2 and 3, the values of fmn and gmn are listed. An extensive use was made of the CAS MAPLE for obtaining these values.
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Table 3
Listing the coefficients occurring in the expressions of dFn/dη.
dF0
dη = e−η; dFndη = e−η(1− e−η)
∑n−1
m=0 gmne−mη, n ≥ 1.
n 1 2 3 4 5 6 7 8
g0n 16
19
288
97
3456
1699
138240
47567
8709120
71641627
29262643200
9041499077
8193540096000
20617088409391
41295442083840000
g1n − 132 − 793456 − 5483414720 − 12227917418240 − 10457119329262643200 − 4364137976924580620288000 − 3587085857600941295442083840000
g2n 5864
1241
207360
37613
8709120
78567287
29262643200
37884879031
24580620288000
34805739089791
41295442083840000
g3n − 4341472 − 5956743545600 − 172128469146313216000 − 102843676717122903101440000 − 40919364336317647304089600000
g4n 17399676800
41952041
146313216000
35102608963
122903101440000
47210261705443
206477210419200000
g5n − 1265214180377600 − 138934920124580620288000 − 264053640516141295442083840000
g6n 3058819614515507200
29297889659
2753029472256000
g7n − 259933323695411200
It can be seen from Table 1 that there is a consistent improvement in the values of α and−ϕ′′(0) as n is increased. Here it
is worth mentioning that the value of−ϕ′′(0) reported in [29], using only one parameter, is 1.178511—a value which could
be bettered only by using as many as four terms in the present treatment. However, it is clear from the values listed in the
table that a convergence is taking place to the exact value. There is no doubt that the exact solution reported in [27] can be
reproduced by taking sufficient terms in expansions (10) and (11). It may be further noticed that for all values of n, bn = 2f0n.
4.1. The convergence of the solution
It may appear that for a high accuracy solution (say, ten digits or more) considerable price has to be paid in terms of
execution time by extending the solution to unacceptably high number of terms. The same remarks apply for the HAM
method. It is not uncommon using the latter method to continue the iterations to 50 or more (Liao [34]). For the present
method (HPM) under consideration, fortunately, there is a remedy in accelerating the convergence of the series. The idea
is to use Aitken’s ∆2-extrapolation. Shanks [35] has given a detailed exposition of the method, and we shall be using it
to accelerate the convergence of the sequence of values of α and−ϕ′′(0). Let either of the sequences be denoted by {Sn},
n = 0, 1, 2, . . . ,m. We choose m to be even for the reasons explained presently. We compute ∆Sn and ∆2Sn, the last
mentioned differences will numberm− 2. By using the formula
S ′n = Sn −
(∆Sn)2
∆2Sn
(37)
we shall get the fresh sequence {S ′n},but with m − 2 terms. Thus, since we started with 9 values the application of Eq. (37)
will reduce the number of values to 7. Eq. (37) can be now applied repeatedly to get newer sequences, each time reducing
their number by 2. Eventually, we will be left with a single value, which is expected to be the most accurate.
For the present problem, starting withm = 8, and applying repeatedly Eq. (37) to improve the convergence, we obtained
the following values of α and−ϕ′′(0):
α = 1.50299405 and − ϕ′′(0) = 1.17372077,
the corresponding exact values being 1.50299406 and 1.17372074 respectively, indicating that whereas without Shanks’
transformation the results are accurate to four digits, the application of Shanks’ transformation results into an eight-digit
accuracy. Thus with a minimum effort the results can be dramatically improved using Shanks’ transformation. It may be
further noted that this technique of accelerating the convergence is not limited to the above two values, in fact, it can be
applied to the entire velocity profiles as well to get more accurate profiles.
In the present work we considered a variation of the homotopy perturbation method in which the solution can be
obtained up to an arbitrary number of terms by stretching both the independent and the dependent variable by the same
parameter, which is expanded in terms of the homotopy parameter p. The coefficients of the stretching parameter are
determined by ensuring that the resulting solution is free of the secular terms. For the particular problem considered,
namely, the axisymmetric flow past a stretching sheet, it is demonstrated that with each addition of a term the solution
improves in accuracy, and that by taking sufficient number of terms any desired degree of accuracy can be achieved. It is
further pointed out that the convergence of the solution can be considerably accelerated by using Aitken’s∆2-extrapolation
as implemented by Shanks [35].
It is proposed to apply themethod reported in the present work to numerous problems in fluid dynamics and other areas
where the solution is characterized by exponential functions. The findings of these investigations will be reported in due
course.
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